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Computational fluid dynamics using composite overlapping grids plays an im-
portant role in today’s fluid mechanics with complex flows. The key point in the
overlapping grid method is how to ensure conservation for shock waves. This was
first studied by M. Berger under the framework of weak solutions for vanishing mesh
size, leading to the well-known flux interpolation interface condition (SIAM J. Nu-
mer. Anal.24, 967(1987)). The present author used the Rankine–Hugoniot relation
to directly analyze the transmission of a shock across the interface and showed that,
for the scalar Burgers equation, a nonconservative treatment leads to correct transmi-
ssion of shocks even for finite mesh sizes if the interior difference scheme contains
enough dissipation, and that shock penetration trouble only occurs for very slowly
moving shock waves (SIAM J. Sci. Comput.20, 1850 (1999)). This is reconsidered
here for the system of Euler equations in gas dynamics. Numerical experiments show
that for weakly dissipative schemes, slowly moving shock waves fail to transmit the
nonconservative interface by producing finally a nonphysical, two-shocked steady-
state solution. By using the dynamics of a very slowly moving shock, we will show
that two-shocked steady-state solutions are avoided if the interior difference scheme
is no less dissipative than the standard Roe scheme even though a nonconservative
interface treatment is used. c© 2001 Academic Press

Key Words:slowly moving shock; shock/interface transmission; two-shocked so-
lution; nonconservative grid interface.

1. INTRODUCTION

Flows around multielement bodies can be efficiently analyzed by computational fluid
dynamics using composite overlapping grids. If a moving shock fails to transmit the grid
interface, then the solution has no meaning. A correct prediction of the shock speed or

1 This work was supported by Chinese National Natural Science Foundation under Contract Number 10025210.
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position is very important since it determines the lift force and sometimes the main part
of drag force for transonic and supersonic airfoils. The possible trouble of shock/interface
transmission can be understood from a mechanical point of view. In fact, a moving shock
itself has some energy. When the shock impinges the grid interface, some energy would
get lost due to the interface. Thus it can be readily imagined that a very slowly moving
shock would possibly have some difficulty in transmitting the interface since the energy
involved in the shock should be proportional to the shock speed. The possible blocking of the
shock wave can be also understood in a mathematical way, by noting that the discrete Euler
equations in gas dynamics on overlapping grids are equivalent to the so-called modified
equations [11], which are just the Euler equations plus some source terms. The source terms
become important at the grid interfaces [24]. Generally, the source terms can be divided
into three parts:

(a) Zeroth-order terms: The case of a hyperbolic system with moving source term has
been analyzed by Lin who shows that nonlinear resonance may occur in such a case [19].
Such zeroth-order terms may be a cause of shock blocking.

(b) Dissipative terms (with space derivatives of even order): The role of dissipation is sim-
ilar to the viscous force of a viscous fluid; namely, it just smooths out the sharp shock wave.

(c) Dispersive terms (with space derivatives of odd order): The interaction between a
shock and a dispersive wave would lead to the change of shock speeds [4]. This is another
cause of shock blocking.

The difficulty of slowly moving shock waves exists also for numerical treatments without
interfaces [2, 3, 12, 15, 18, 20, 21, 27, 39].

The only difference between the overlapping grid method and a single domain treatment
is that the former requires interpolation at the grid interfaces. Conventional interpolation,
or normal interpolation, is based on the state variables. Since the interpolation is performed
inside the grid, the local conservation of the difference approximation is altered. When
the solution is smooth or just contains contact discontinuities, the loss of conservation is
unimportant. However, when shock waves interact with the grid interface, conservation
would be required according to the general theory of weak solution. Based on earlier
numerical remarks on the importance of conservation, Berger [5] constructed interface
treatment based on flux interpolation which ensures conservation in the weak sense. This
is a very important achievement followed by many subsequent studies [7, 24, 25, 31, 34].
The normal interpolation, which does not fulfill the conservation requirement, is simpler
and more stable than the flux interpolation method. But is it necessary to have conservative
treatment for conservative solutions?

For multimaterial interfaces, Karni [13] was able to obtain conservative results with
nonconservative treatment. The method proposed by Karni [13] is nonconservative on the
entire domain and could not handle strong shocks as was pointed out by Abgrall [1].
This was remedied in [9, 14] in which the methods are nonconservative only on a lower
dimensional set near the interface. Tang and Zhou [31] examined the conservation error of
nonconservative overlapping grid treatment still under the framework of weak solutions for
vanishing mesh size.

Any real computation is done on a grid with finite mesh sizes. Thus it appears more
useful to examine conservation on a grid with finite mesh sizes. This is the approach
adopted by the present author [36]. Since conservation is important only for genuinely
nonlinear discontinuous waves, the real key point of conservation is whether a moving
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shock can transmit the overlapping grid interface without difficulty. Let us state the argument
more clearly. Imagine two partially overlapping grids in 1D, with possibly different mesh
spacing. Interpolation procedures are needed in order to orchestrate the solutions on both
sides. A shock wave approaching the overlapping region needs to continue its motion
from one grid into the next, ideally, without noticing the grid change. Less ideally, the
interpolation procedures may be such that will cause a delay in shock transmission, which
is still OK if the error (delay) goes to zero with mesh refinement. What is not OK is if
the shock gets stuck at the edge of the grid interface and stays there forever, thus causing
nonconvergence of the solution. Nonconservative interpolation procedures may trigger such
behavior. By considering the direct interaction between a right-going shock of the Burgers
equation and an overlapping grid interface, the present author has obtained the following
results:

(a) if the interface treatment is defined by Berger’s flux interpolation, then the shock can
transmit the grid interface without delay. This had already been proved by Berger [5] using
the argument of convergence to weak solutions for vanishing mesh size. But the analysis in
[36] is for finite mesh size and this conclusion remains valid for a system of equations.

(b) if the physical shock speed normalized by the wave speed in the left of the shock
is larger thansmin = 1

2 −
√

2
4 ≈ 0.146 and smaller thansmax= 1

2 +
√

2
4 ≈ 0.854, then the

numerical shock can transmit the grid interface even with nonconservative normal inter-
polation. This is just a sufficient condition that was derived rigorously by analysis. For a
specific scheme, the lower boundsmin can be reduced, and the upper boundsmax can be
increased. There is no difficulty in understanding the lower bound as already explained in
the Introduction. The upper bound only possibly exists for numerical schemes with strong
numerical oscillations near shock waves. It is very rare to use a strongly oscillatory scheme
to compute shock flows in practice. Hence only slowly moving shock waves could have
trouble. For slowly moving shock waves, it is necessary that one eigenvalue changes sign
across the shock layer (e.g., [15], see also Sect. 3.4 of [36], where it was shown that for a
shock speed smaller thansmin, one eigenvalue changes sign).

(c) if the numerical viscosity of the interior difference equations, just at the interface
point and at the moment that the shock coincides with the interface, is no smaller than
that of the standard first-order Roe scheme, then the numerical shock can transmit the grid
interface even with nonconservative normal interpolations and for all shock speeds.

(d) the numerical shock fails to transmit the grid interface only if the shock speed is very
slow, the interpolation is nonconservative, and the interior difference scheme does not have
enough dissipation.

The sufficient conditions a–c are obtained theoretically, and the necessary condition d is
based on numerical experiments. These results show that the range in which an overlapping
grid method fails to work is very narrow. In fact, modern schemes for shock flow computation
have enough numerical dissipation inside the shock so that sufficient condition c is satisfied.
However, the above results are basically based on the scalar Burgers equation, though some
numerical experiments given in [36] seem to justify that they remain true even for the Euler
equations in gas dynamics.

The purpose of this study is to extend part of the scalar results to the system of Euler
equations in gas dynamics. For slowly moving shock waves, we observe numerically that the
shock fails to transmit the interface by producing a nonphysical, two-shocked steady state if
the numerical scheme is weakly dissipative and if the interface treatment is nonconservative.
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However, if the interior difference equations contain enough numerical dissipation, the two-
shocked steady-state solutions are avoided even if we use nonconservative normal interface
interpolation. The theoretical proof relies heavily on the dynamics of a slowly moving shock
wave. We are actually unable to do so for a general hyperbolic system of equations.

This paper will be organized as follows.
In Section 2, the basic condition of shock/interface transmission is derived for a general

hyperbolic system approximated by conservative schemes and for an interface condition
defined by nonconservative normal interpolation. It is the condition of a two-shocked steady
state that is stated. Actually we find that if the condition of a two-shocked solution does not
hold, then the shock can transmit the grid interface.

In Section 3 we prove that a slowly moving shock for the Euler equations in gas dynamics
cannot stick to the interface in the form of two-shocked steady state, if the interior difference
contains no less dissipation than the standard Roe scheme, just at the point of shock/interface
interaction.

In Section 4 we provide some discussion and numerical experiments. Concluding remarks
will be given in Section 5.

2. BASIC CONDITION OF SHOCK/INTERFACE TRANSMISSION

2.1. Difference Approximations on Overlapping Grids

Consider the following hyperbolic system of conservation laws

Wt + Hx = 0, t ∈ R+, x ∈ R, (1)

where the unknownW is called the state variable or conservative variable, andH = H(W)

is called the flux function.
Similarly as in [36], the computational domain is split into two subdomainsDu = {x: x <

b}, Dv = {x: −a < x} with an overlapping lengthb+ a. The boundariesx = −a and
x = b of the overlap are called interfaces. The overlap(−a, b) containsp points in the
right subdomain andq points in the left subdomain.

The numerical solutions inDu and Dv are denoted asUn
j ≈ W(x(u)j , nδt) with j ≤ 0

andVn
j ≈W(x(v)j , nδt)with j ≥ 0, wherex(u)j = b+ ( j − 0.5)δxu, x(v)j =−a+ ( j +0.5)δxv

are cell centers, andδt , δxu, andδxv define respectively the time step, the mesh size inDu,
and the mesh size inDv. The ratiosσu = δt/δxu, σv = δt/δxv are assumed to be constant.
In each subdomain, the system (1) is approximated by a multilevel and(l + r + 1)-point
difference scheme in conservation form:

1Vn
j = −σu

(
Fn

j+1/2− Fn
j−1/2

)
, 1Vn

j = −σv
(
Gn

j+1/2− Gn
j−1/2

)
. (2)

Here1Un
j = Un

j −Un
j and1Vn

j = Vn
j − Vn

j denote the time increments, andFn
j+1/2 and

Gn
j+1/2 are numerical fluxes consistent with the exact flux functionH(W). For a two-level

(l + r + 1)-point scheme, we have

Fn
j+1/2 = Fn

j+1/2

(
Un

j−l+1,U
n
j−l+2, . . . ,U

n
j+r ;Un+1

j−l+1,U
n+1
j−l+2, . . . ,U

n+1
j+r ; σu

)
Gn

j+1/2 = Gn
j+1/2

(
Vn

j−l+1,Vn
j−l+2, . . . ,Vn

j+r ;Vn+1
j−l+1,Vn+1

j−l+2, . . . ,Vn+1
j+r ; σv

)
,
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FIG. 1. Overlapping grid for normal interpolation.

with

Fn
j+1/2(U,U, . . . ,U ;U,U, . . . ,U ; σu) = H(U )

Gn
j+1/2(V,V, . . . ,V;V,V, . . . ,V; σv) = H(V).

It is well known [17] that the solution of a conservative scheme converges to a weak solution
of the exact equation when it converges.

There are two classes of interface condition: the nonconservative normal interpolation
and the conservative flux interpolation. For schemes with more than three points in space,
the same interface condition can be applied to all interface pointsj = 0, 1, . . . , r − 1 for
the left subdomain andj = 0,−1, . . . ,−l + 1 for the right subdomain. This will be called
translatory interface condition.

Let I (x, φ) be an interpolation tox using discrete values ofφ nearx.
Referring to Fig. 1, the normal interpolation, which is frequently used in practice, is based

on the unknownsUn
j andVn

j and has the general form

Un
µ = I

(
b− 1− µ

2
δxu;Vn

)
, µ = 0, 1, . . . , r − 1 (3)

Vn
µ = I

(
−a+ µ+ 1

2
δxv;Un

)
, µ = 0,−1, . . . ,−l + 1. (4)

See [6, 25] for more details.
In the conservative flux interpolation method [5], the valuesUn

0 andVn
0 are calculated as

in the interior points, the missed numerical fluxesFn
1/2 andGn

−1/2 are interpolated from the
interior points (see Fig. 2):

Fn
1/2 = I (b;Gn), Gn

−1/2 = I (−a; Fn). (5)

The interpolation coefficientβ is similarly defined. When computing the numerical fluxes
for points near the interface, we still require the valuesun

µ with µ = 1, 2, . . . , r − 1 andvn
µ

FIG. 2. Overlapping grid for flux interpolation.
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with µ = −1,−2, . . . ,−l + 1. This can be defined by just using the normal interpolation

Un
µ = I

(
b− 1− µ

2
δxu;Vn

)
, µ = 1, 2, . . . , r − 1 (6)

Vn
µ = I

(
−a+ µ+ 1

2
δxv;Un

)
, µ = −1,−2, . . . ,−l + 1. (7)

The interface conditions (5)–(7) combines the flux interpolation and the normal interpola-
tion. Note that in two or three dimensions, it is not enough just to interpolate the fluxes if
one wants a conservative scheme. See [5, 7].

There were quite a number of studies with regard to the accuracy [6, 26], stability [10,
22, 24, 25, 29, 32], conservation [5, 7, 25, 33], solution uniqueness [34], and convergence
to a steady state [35, 37] of the overlapping grid interface treatment.

2.2. Possible Scenarios of a Right-Going Numerical Shock

For completeness of the presentation, let us first consider the scenario already stated in
[36] for a scalar equation. Consider a single right-going shock starting in the left subdomain
away from the interface. After the shock inside the left subdomain (Shock L) reaches
x = −a, another one (Shock R) forms inside the right subdomain due to interpolation at
x = −a. Being free of interface before reachingx = b, Shock L moves to the right, while
Shock R may get stuck atx = −a or successfully penetrates the interface. If Shock R gets
stuck atx = −a, Shock L cannot disappear due to interpolation atx = b. Only inside the
overlap both shocks can exist simultaneously. Ideally, we desire Shock L and Shock R to
have the same position, when they are inside the overlap. Practically, we would have the
following three scenarios:

Case a (perfect transmission, Fig. 3): Shock R moves at the same speed (within the
difference of the order of truncation error) as Shock L. When both shocks arrive at the right
boundary of the overlap (x = b), shock R will pass freely since it faces no boundary. When
shock R moves to the right of the overlap, the solution nearx = b in the right subdomain
becomes smooth and by interpolation shock L disappears.

Case b (delayed transmission, Fig. 4): Shock R gets stuck for a finite time interval at
the left boundary of the overlap due to conservation error, while Shock L moves freely
rightward until it reaches the right boundary of the overlap. Shock R starts to move late and
lags a distance with respect to Shock L. When Shock L reaches the right boundary of the
overlap, it stays there motionless due to interpolation and disappears after Shock R moves
to the right of the overlap. Thus the right-going shock will finally transmit the overlap but
with a delay with respect to the exact shock.

FIG. 3. Shock through the overlap in case of perfect transmission. Left: shock at the left of the overlap.
Middle: shock inside the overlap. Right: shock after transmission.
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FIG. 4. Shock through the overlap in case of delayed transmission. Left: shock at the left of the overlap.
Middle: shock inside the overlap. Right: shock after transmission.

Case c (no transmission, Fig. 5): Shock R always gets stuck at the left boundary of the
overlap due to severe conservation error. When Shock L reaches the right boundary of
the overlap, it stays there permanently due to interpolation. This leads to a two-shocked
steady-state solution.

One would also imagine other scenarios. For instance, one would imagine that Shock
L lags behind Shock R. This is in fact impossible since only Shock R faces an interface
before both shocks arrive atx = b. A second possibility one would imagine is that for
system of equations only part of the waves get transmitted, part get stuck, and part get
reflected. However, since the interpolation normally used is done in the same way for each
component of the state variables, each component should behave similarly so that the wave
travels in whole and no part of the wave is preferred. As a result, the situation of partial
transmission,partial sticking, and partial reflection does not appear to happen.

Perfect transmission is the most desired scenario. To see whether the delayed transmis-
sion is acceptable, let us consider the difference approximation for the Euler equations. A
nondimensional analysis shows that the solution depends only on the Mach numberM and
the Courant numberCFL= σ max(λ), where max(λ) denotes the maximum wave speed.
Thus the delayN, in terms of number of time iterations, should be only a function ofM and
CFL. The specific form of this function depends on the structure of the numerical approxi-
mation. Thus the delay in terms of the dimensional time isT = Nδt . By refining the mesh
or equivalently the time step (δt → 0) while keepingCFL fixed as is common in CFD,
the delayT can be made as small as we desire. Thus a delayed transmission is acceptable
since from the dimensional argument it can be made as small as one desires through mesh
refinement.

Only the case of no transmission is unacceptable since the solution is even qualitatively
altered: an unsteady shock is transformed into a nonphysical steady-state shock.

2.3. Condition for the Existence of Nonphysical, Two-Shocked Steady-State Solution

The two-shocked steady-state solution cannot appear arbitrarily. It must satisfy a certain
number of constraints, calledcondition of two-shocked solution. Let us derive the condition
of two-shocked solution.

FIG. 5. Shock through the overlap in case of no transmission. Left: shock at the left of the overlap. Middle:
shock inside the overlap. Right: steady-state two-shocked solution after a long time.
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Once a steady-state is reached, we have1Un
j = 0 and1Vn

j = 0. Thus by (2) the numer-
ical fluxes satisfy the following conditions

Fj+1/2 = F−∞+1/2 ∀ j < 0

G j+1/2 = G∞+1/2 ∀ j > 0.

The solutions at infinity2 are assumed to be smooth, and by consistent assumption, we must
haveF−∞+1/2 = HL andG−∞+1/2 = HR. As a result, we have the following constraint on
the numerical flux {

F−1/2 = HL

G1/2 = HR.
(8)

Now we want to express the condition (8) in terms of the numerical viscosity of the
difference equations. Let us just concentrate onGn

j+1/2.
First consider a scalar equation, it is well known [30] that any multipoint conservative

scheme can be put into a viscous form similar to a three-point scheme. In terms of the
numerical fluxGn

j+1/2, the viscous form for a scalar problem can be written as

Gn
j+1/2 =

1

2

(
Hn

j + Hn
j+1

)+ 1

2
Qn

j+1/2

(
Vn

j − Vn
j+1

)
, (9)

whereQn
j+1/2 is the numerical viscosity defined by

Qn
j+1/2 =

{[
Gn

j+1/2− 1
2

(
Hn

j + Hn
j+1

)]/[
1
2

(
Vn

j − Vn
j+1

)]
, for Vn

j 6= Vn
j+1

<∞, for Vn
j = Vn

j+1.

The influence of the extra points outside that of a three-point scheme was factored into the
numerical viscosityQn

j+1/2.
We are wondering if it is possible to define a matrixQn

j+1/2 such thatGn
j+1/2 can be

related toQn
j+1/2 by (9) in the case of a system.

PROPOSITION1. For the case of multipoint difference approximation, it is always possi-
ble to have a matrix numerical viscosity Qn

j+1/2 such that(9) holds. This numerical viscosity
is uniquely defined for the case of a scalar equation,and there is an infinite number of Qnj+1/2

for the case of a system.

Proof. Let X andY be two independent vectors each withm components; then, obvi-
ously, there exists at least onem×m matrix M such that the following relation holds

Y = M X.

In fact, the above equation hasm2 unknowns and onlym relations. Hence the problem is
underdetermined and has an infinite number of solutions (in the case of a scalar equation,
only one solution exists).

Thus by takingY = Gn
j+1/2− 1

2(H
n
j + Hn

j+1) andX = 1
2(V

n
j − Vn

j+1), we conclude that
there always exists some matrixQn

j+1/2(=M) such that (9) holds in the case of a system
with multipoint difference approximation.j

2 Here the word “infinity” means sufficiently far away from the interface.
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Remark 2.1. The numerical viscosityQn
j+1/2 satisfying (9) is nonunique. But in

Section 3 we will construct a unique and more convenient viscosity to proceed with the
analysis. See Proposition 2.

For convenience, let us introduce the Roe matrix [28]C̄ j+1/2 defined as

Hn
j+1− Hn

j = C̄ j+1/2
(
Vn

j+1− Vn
j

)
if Vn

j+1 6= Vn
j

C̄ j+1/2 = C(V) if Vn
j+1 = Vn

j = V.

In terms of the numerical viscosity, the second condition in (8) can be expressed as

1

2
(H0+ H1)+ 1

2
Q1/2(V0− V1) = HR. (10)

Now let us consider the constraint due to interpolation. For the two-shocked steady-state
solution, the solution is smooth inside each subdomain. The solution in the left subdomain
is close toWL and the solution in the right subdomain is close toWR. Thus, the interface
condition (6)–(7), which is assumed to be at least locally first-order accurate, reduces to

Uµ = I

(
b− 1− µ

2
δxu;V

)
= WR+ Eu

µ, µ = 1, 2, . . . , r − 1 (11)

Vµ = I

(
−a+ µ+ 1

2
δxv;U

)
= WL + Ev

µ, µ = −1,−2, . . . ,−l + 1. (12)

Here Eu
µ and Ev

µ are numerical errors due to shock smearing and oscillation. The errors
Eu
µ and Ev

µ vanish when the overlap is large enough in comparison with the width of the
numerical shock. Later on we will assume the overlap to be sufficiently large to haveEu

µ = 0
andEv

µ = 0, so that we have from (12) the following condition

V0 = WL . (13)

Combining (10) and (13), and making use of the relationsH0 = H(V0) = H(WL) = HL ,
we have

1

2
Q1/2(V0− V1) = (HR− HL)+ 1

2
(H0− H1),

which, by the Rankine–Hugoniot relation (18) and by the definition of the Roe matrix, can
be rewritten as

1

2
Q1/2(V0− V1) = s(WR−WL)+ 1

2
C̄1/2(V0− V1)

or more conveniently

1

2

(
Q1/2− C̄1/2

)
(WL − V1) = s(WR−WL) (14)

in which we have usedV0 = WL .

Equation (14) is the final form of the condition of two-shocked solution. If the numerical
viscosity Qj+1/2 or the exact shock speeds is such that (14) cannot hold, then the shock
can transmit the interface.
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3. SHOCK/INTERFACE TRANSMISSION FOR THE EULER EQUATIONS

IN GAS DYNAMICS

3.1. Dynamics of a Slowly Moving Shock

For the Euler equations in gas dynamics, the unknownW and the flux functionH =
H(W) in (1) are defined by

W =

 ρ

ρu

ρE

 , H(W) =


ρu

ρu2+ P

ρu
(
E + P

ρ

)
.

Hereρ denotes the density,u denotes the velocity,E denotes the total energy, andP is
the pressure. For a perfect gas, the pressure is related to other variables through the state
equationP = (γ − 1)ρ(E − 1

2u2), whereγ with γ > 1 is the ratio between the specific
heats at constant pressure and volume. The corresponding Jacobian matrixC(W) = d H(W)

dW
is given by

C(W) =


0 1 0

γ−3
2 u2 (3− γ )u γ − 1

(γ − 1)u3− γuE γ E − 3(γ−1)
2 u2 γu


or in terms ofu,2 = E + P/ρ (total enthalpy) anda = √γ P/ρ(sound speed)

C(W) =


0 1 0

γ−3
2 u2 (3− γ )u γ − 1

(γ − 1)u3− γu2+ ua2 γ2− a2− 3(γ−1)
2 u2 γu

.
The eigenvalues of this Jacobian matrix areλ1 = u, λ2 = u+ a, λ3 = u− a. Let

3 =

u 0 0
0 u+ a 0

0 0 u− a

.
Then the diagonalization matrices ofC(W) , i.e., the matricesL−1 andL which ensure the
relationL−1 C(W)L = 3, are given by

L−1 =


1− 1

2a2 (γ − 1)u2 − 1
a2 (1− γ )u − 1

a2 (γ − 1)

−u+ 1
2a (γ − 1)u2 1+ 1

a (1− γ )u 1
a (γ − 1)

−u− 1
2a (γ − 1)u2 1− 1

a (1− γ )u − 1
a (γ − 1)

 (15)

L =


1 1

2
1
a − 1

2
1
a

u 1
2

(
1+ u

a

)
1
2

(
1− u

a

)
1
2u2 1

4u2 1
a + 1

2u+ 1
2(γ−1)a − 1

4u2 1
a + 1

2u− 1
2(γ−1)a

. (16)
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Consider a right-going shock with the following initial data

W(x, 0) = WL , x < x0; W(x, 0) = WR, x > x0 (17)

which satisfy the Rankine–Hugoniot jump relation

HR− HL = s′(WR−WL). (18)

Herex0 < −a, s′ is the shock speed, andHL = H(WL), HR = H(WR).
We will just consider a right-going shock withs′ > 0. The case of a left-going shock

can be analyzed in a similar way and the conclusion remains the same. Besides, we only
consider the case withuL > 0.

Now let us state some important properties of the jump in conservative variables. The
details for the derivation of these properties are ignored here and will be published in [38]
where we will also treat the problem of momentum spike and post-shock oscillation.

Let M̄ L be the relative Mach number in the left-hand side of the shock defined by

M̄ L = uL − s′√
γ

PL

ρL

= M − s′√
γ

PL

ρL

.

HereM = uL/
√
γ PL
ρL

is the Mach number in the left-hand side of the shock.
For convenience, let us takeρL = PL = 1 anduL = √γM . This is not a restriction by

nondimensional treatment. The shock speed relative to the sound speedaL =
√
γ PL
ρL
= √γ

is defined bys= s′
aL

. Only the relative shock speed will be used.
For a prescribed shock speeds, the jump of conservative variables in terms ofM ands

is found to be

ρR− ρL = (γ + 1)γ (M − s)2

(γ − 1)γ (M − s)2+ 2γ
− 1 (19)

ρRuR− ρLuL = (γ + 1)γ (M − s)2

(γ − 1)γ (M − s)2+ 2γ
Ä−√γM (20)

ρRER− ρL EL = (γ + 1)γ (M − s)2

(γ − 1)γ (M − s)2+ 2γ
9 − 1

2

2+ (γ − 1)γM2

(γ − 1)
. (21)

Here

Ä(M, s) = √γ s+ (γ − 1)γ (M − s)2+ 2γ

(γ + 1)
√
γ (M − s)

9(M, s) = 1

γ − 1

(
2γ (M − s)2

γ + 1
− γ − 1

γ + 1

)
+ 1

2

(√
γ s+ (γ − 1)γ (M − s)2+ 2γ

(γ + 1)
√
γ (M − s)

)2

.

For slowly moving shock waves, the jumps in conservative variables given by (19)–(21)
have the following asymptotic behavior

ρR− ρL = 2
M2− 1

γM2− M2+ 2
− 4M

γ + 1

(γM2− M2+ 2)2
s+ O(s2) (22)
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ρRuR− ρLuL = 2
√
γ

M2− 1

γM2− M2+ 2
s+ O(s2) (23)

ρRER− ρL EL = − A

γM2− M2+ 2
+ 2M B

(γM2− M2+ 2)2
s+ O(s2). (24)

Here

A = (M − 1)(M + 1)[(2γ 2− 4γ − 2)+ (−4γ 2+ γ 3− γ )M2]

(γ − 1)(γ + 1)

B = (−4γ + 6γ 2− 2)+ (4γ 3− 16γ 2− 4γ )M2+ (−5γ 3+ γ + γ 4+ 3γ 2)M4

(γ − 1)(γ + 1)
.

Furthermore, the following inequalities hold
ρR− ρL > 0

ρRuR− ρLuL →+0

ρRER− ρL EL > 0

, ∞ > M > 1, s→+0 (25)


ρR− ρL < 0

ρRuR− ρLuL →−0

ρRER− ρL EL < 0

, −
√

γ−1
2γ > M > −1, s→+0. (26)

It can be shown that for a right-going shock, the entropy condition in terms of the relative
shock speed is given by

0< s< max(M − 1, 0) or M +
√
γ − 1

2γ
< s< M + 1 (27)

and a physical shock can move to the right only ifM > −1.
By (27), it is clear that the only two possible cases to have a slowly and right moving

entropy shock are: (a)M > 1, (b)−1< M < −
√

γ−1
2γ .

For M > 1 ands→+0, the flow is supersonic (with small density) in the left and
subsonic (with large density) in the right. Hence the conditionρR− ρL > 0 (see Eq. (25))
holds.

For−
√

γ−1
2γ > M > −1 ands→+0, the flow is supersonic (with small density) in the

right and subsonic (with large density) in the left. Hence the conditionρR− ρL < 0 (see
Eq. (26)) holds.

3.2. Sufficient Condition to Avoid Nonphysical Two-Shocked Solution

For the Euler equations in gas dynamics, the exact form of the Roe matrix atj + 1
2 is

given by [28]

C̄ j+1/2 =


0 1 0

γ−3
2 ū2 (3− γ )ū γ − 1

(γ − 1)ū3− γ ū2̄+ ua2 γ 2̄− ā2− 3(γ−1)
2 ū2 γ ū

,
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with

ū = un
j + Dun

j+1

1+ D
, 2̄ = 2n

j + D2n
j+1

1+ D
, ā2 = (γ − 1)

(
2̄− 1

2
ū2

)
. (28)

HereD =
√

ρ j+1

ρ j
.

Following Proposition 1, the numerical viscosityQn
j+1/2 is not unique for the case of a

system. We shall consider schemes which are as or more dissipative than the Roe scheme.
It is thus desirable to use aQn

j+1/2 which has the same eigenvectors as the Roe scheme.
This is possible (as will be proved in the next proposition) since there is an infinite number
of numerical viscosityQn

j+1/2 satisfying (9). For convenience, let us define|C̄ j+1/2| by∣∣C̄ j+1/2

∣∣ = L̄ j+1/2

∣∣3̄ j+1/2

∣∣L̄−1
j+1/2,

with |3̄| = diag(|ū|, |ū+ ā|, |ū− ā|) and the diagonalization matrices are still given by
(15) and (16) with their argumentsu, 2 anda replaced by the Roe averagesū, 2̄, andā
defined in (28).

PROPOSITION2. There is a diagonal matrix3(p)
j+1/2 such that the numerical viscosity

Qn
j+1/2 satisfies both(9) and the following relation

Qn
j+1/2 =

∣∣C̄ j+1/2

∣∣+ L̄ j+1/23
(p)
j+1/2L̄−1

j+1/2. (29)

Proof. Inserting (29) into (9) yields

Gn
j+1/2 =

1

2

(
Hn

j + Hn
j+1

)+ 1

2

(∣∣C̄ j+1/2

∣∣+ L̄ j+1/23
(p)
j+1/2L̄−1

j+1/2

)(
Vn

j − Vn
j+1

)
,

which can also be written as

3
(p)
j+1/2L̄−1

j+1/2

(
Vn

j − Vn
j+1

) = L̄−1
j+1/2

[
2Gn

j+1/2−
(
Hn

j + Hn
j+1

)− ∣∣C̄ j+1/2

∣∣(Vn
j − Vn

j+1

)]
or

q(1)ϕ(1)

q(2)ϕ(2)

q(3)ϕ(3)

 = L̄−1
j+1/2

[
2Gn

j+1/2−
(
Hn

j + Hn
j+1

)− ∣∣C̄ j+1/2

∣∣(Vn
j − Vn

j+1

)]
, (30)

whereq(k) is thekth component of the column vector̄L−1
j+1/2(V

n
j − Vn

j+1) andϕ(k) is the
kth diagonal element of3(p)

j+1/2.
SinceGn

j+1/2, 1
2(H

n
j + Hn

j+1), |C̄ j+1/2|, L̄ j+1/2, L̄−1
j+1/2 and(Vn

j − Vn
j+1) are all known

functions for a given scheme, Eq. (30) defines three relations for the three unknowns in the
diagonal matrix3(p)

j+1/2. Hence there is always a matrix3(p)
j+1/2 satisfying (9) and (29).j

Remark 3.1. If one just looks at (29), then one would get an impression that (29) would
not be true sinceQn

j+1/2 hasm×m elements while3(p)
j+1/2 only hasm elements. This is be-

cause combining (9) and (29) yieldsm relations for themunknowns in3(p)
j+1/2. Since there is

an infinite number ofQn
j+1/2 satisfying (9), it is always possible to have aQn

j+1/2 satisfying
both (9) and (29), and particularly having the same eigenvectors as the Roe matrix.
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Remark 3.2. If we further assume that the two pointsj and j + 1 cross a very slowly
right-moving shock, then(Vn

j − Vn
j+1) defines the jump across the shock. Hence we can

use (15) and (22)–(24) to compute the expression for eachq(k). Consider for instanceq(3).
A direct calculation similar to the proof for Proposition 3 shows that

q(3) = l
(31)
1/2 o(1) + l

(33)
1/2 o(3) + O(s) > 0

for small s. Here l
(mn)
1/2 is the element of̄L−1

1/2 in row m and in columnn ando(k) is the
kth element of(Vn

j − Vn
j+1). Similarly, we haveq(1) 6= 0 andq(2) 6= 0. Henceq(k) 6= 0 for

k = 1, 2, 3, and the matrix3(p)
j+1/2 is unique.

Remark 3.3. The matrixL̄ j+1/23
(p)
j+1/2L̄−1

j+1/2 represents a difference of the numerical
viscosity between the considered numerical scheme and the standard first-order accurate
Roe scheme withQn

j+1/2 = |C̄ j+1/2| or3(p)
j+1/2 = 0.

DEFINITION. A numerical scheme is said to be no less dissipative than the standard Roe
scheme if none of the diagonal elements of3

(p)
j+1/2 is negative.

Now we are able to prove the main result of this paper. In order to avoid complication,
we make the restrictionuL > 0 in the statement of this result. In the next section we will
simply explain that this condition can be removed.

PROPOSITION3. For the Euler equations in gas dynamics, if just at the moment that
the right-going shock coincides with the left interface, the numerical dissipation coefficient
Q1/2 of the interior difference equation is no smaller than the standard Roe scheme, then
a slowly right-going shock wave with uL > 0 will not stick to the interface in the form
of a two-shocked steady state even though the interpolation is defined by nonconservative
normal interpolations.

Proof. With the definition (29), the basic condition of two-shocked solution (14) can be
rewritten as

1

2

(∣∣C̄1/2

∣∣+ L̄1/23
(p)
1/2L̄−1

1/2− C̄1/2

)
(WL − V1) = s(WR−WL)

or equivalently(∣∣3̄1/2

∣∣+3(p)
1/2− 3̄1/2

)
L̄−1

1/2(WL − V1) = 2sL̄−1
1/2(WR−WL). (31)

Now we want to prove that (31) does not hold. Letl
(mn)
1/2 be the element of̄L−1

1/2 in row m and
in columnn. Letw(m) be themth component ofWR−WL andv(m) be themth component
of WL − V1. It suffices to prove that (31) does not hold for one component. Consider the
third component for which (31) takes the following form

λ̄(3)l
(3n)
1/2 v

(n) = 2sl
(3n)
1/2 w

(n), (32)

whereλ̄(3) is the third element of(|3̄1/2| +3(p)
1/2− 3̄1/2). By assumption thatQ1/2 is no

smaller than the standard Roe scheme at the moment of shock/interface interaction, we have

λ̄(3) ≥ 0. (33)
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By (15), we have

l
(31)
1/2 = −ū1/2− 1

2ā1/2
(γ − 1) ū2

1/2

l
(32)
1/2 = 1+ 1

ā1/2
(γ − 1) ū1/2

l
(33)
1/2 = −

1

ā1/2
(γ − 1).

Thusl
(32)
1/2 > 0 and

l
(31)
1/2 < 0, l

(33)
1/2 < 0. (34)

If the shock gets stuck at the left interface, thenV1 lies at the middle ofWL andWR or
goes overWR (in case of numerical oscillation), so that

sgn
(
v(n)
) = −sgn

(
w(n)

) ∀n ∈ {1, 2, 3}. (35)

According to the asymptotic behavior (22)–(24),w(1) andw(3) have the same sign and
are bounded from zero, whilew(2) vanishes at the speedO[s] for s→ 0. Thus for a very
slow shock withs→ 0 buts 6= 0, (32) reduces to

λ̄(3)
(

l
(31)
1/2 v

(1) + l
(33)
1/2 v

(3) + O(s)
)
= 2s

(
l
(31)
1/2w

(1) + l
(33)
1/2w

(3) + O(s)
)
. (36)

By the inequalities (25), (26), (33), (34), and (35), we have
s
(

l
(31)
1/2w

(1) + l
(33)
1/2w

(3) + O(s)
)
> 0

λ̄(3)
(

l
(31)
1/2 v

(1) + l
(33)
1/2 v

(3) + O(s)
)
≤ 0

for M > 1


s
(

l
(31)
1/2w

(1) + l
(33)
1/2w

(3) + O(s)
)
> 0

λ̄(3)
(

l
(31)
1/2 v

(1) + l
(33)
1/2 v

(3) + O(s)
)
≤ 0

for 0< M < 1

so that the condition (36) does not hold for a right-going shock with smalls> 0.
Thus the basic condition of two-shocked solution does not hold. This completes the

proof. j

Remark 3.4. In Proposition 3 we have required the restriction forQ1/2 just at the moment
that the right-going shock coincides with the left interface. This means that there is no
restriction for the numerical viscosity at the points other than the interface point or at the
time when the shock is not at the interface point.

Remark 3.5. In the limit cases= 0, λ̄(3) could vanish inside the shock so that condition
(36) holds. This is not a contradiction since a steady shock should remain where it is.

3.3. Discussion

The condition stated in Proposition 3 is a sufficient condition and not a necessary one.
Thus in practice a numerical scheme having slightly less numerical dissipation than the
standard Roe scheme may also work.
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FIG. 6. Ratio (Rj ) between the jump in total engery and the jump in density in function of the Mach number.

The extension of the scalar result to the system of Euler equations in gas dynamics lies
heavily on the structure of slowly moving shock waves, for which the momentum jump
vanishes with vanishing shock speed and while the jumps in density and in total energy
keep finite values for vanishing shock speed. This allows us to prove that the basic condition
of the two-shocked solution does not hold. But we are actually unable to extend the results
to a general hyperbolic system of conservation laws.

Since the condition stated in Proposition 3 is required only locally at the point of
shock/interface interaction, one may construct a local penetrator for schemes not satisfying
such a condition. For example, the Lax–Wendroff scheme does not satisfy the dissipation
requirement3(p)

j+1/2 ≥ 0. To ensure shock interface penetration, one can simply perturb the

FIG. 7. Computed shock at instantt = tleft. Lax–Wendroff scheme forM = 2, s= 0.05.
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FIG. 8. Computed shock at instantt = tmiddle. Lax–Wendroff scheme forM = 2, s= 0.05.

interface valueQn
1/2 by settingQn

1/2 = |C̄1/2| just at the moment of shock passing at the
interface. Such a penetrator is even easier than the penetrator stated in [36].

The restrictionuL > 0 in Proposition 3 can be removed. In fact, foruL < 0, the inequal-
ities (34) are replaced by

l
(31)
1/2 > 0, l

(33)
1/2 < 0.

FIG. 9. Computed shock at instantt = tright. Lax–Wendroff scheme forM = 2, s= 0.05.
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FIG. 10. Computed shock at instantt = tleft. Lax–Wendroff scheme forM = 2, s= 0.1.

From (22) and (24) it can be shown that for vanishing shock speed, we have

w(3)

w(1)
= ρRER− ρL EL

ρR− ρL
> 1. 916 7

and the dependence ofw
(3)

w(1)
at s→ 0 for various negative Mach numbers is displayed in

Fig. 6. Thus the third componentw(3) dominates the first componentw(1), and the sign of

FIG. 11. Computed shock at instantt = tmiddle. Lax–Wendroff scheme forM = 2, s= 0.1.
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FIG. 12. Computed shock at instantt = tright. Lax–Wendroff scheme forM = 2, s= 0.1.

the left- and right-hand sides of (36) is dominated by the factor withw(3) in such a way that
one can still prove that (36) does not hold. Still using this property, one can show that the
first two components of (31) do not hold.

Modern high resolution schemes equipped with limiters, nonlinear filters, or large arti-
ficial dissipation should satisfy the sufficient condition stated in Proposition 3. Thus the
overlapping grid treatment using high resolution schemes and nonconservative normal in-
terpolation works in practice.

FIG. 13. Computed shock at instantt = tleft. Lax–Wendroff scheme forM = 2, s= 0.2.
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FIG. 14. Computed shock at instantt = tmiddle. Lax–Wendroff scheme forM = 2, s= 0.2.

4. NUMERICAL RESULTS

In [36], which is essentially a scalar study, we have already displayed a few numer-
ical results for the Euler equations in gas dynamics. Here we display further numerical
results for the case of system, by considering more shock speeds and stronger shock
waves.

FIG. 15. Computed shock at instantt = tright. Lax–Wendroff scheme forM = 2, s= 0.2.
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FIG. 16. Computed shock at instantt = tleft. MUSCL scheme wihout limiter forM = 2, s= 0.1.

We consider four typical schemes: (1) first-order Roe scheme (Roe), (2) first-order van
Leer scheme having a numerical viscosity slightly greater than that of the Roe scheme,
(3) second-order Lax–Wendroff scheme having a numerical viscosity smaller than the Roe
scheme, and (4) second-order MUSCL scheme (MUSCL) integrated in time by a fourth-
order Runge–Kutta method. The first three schemes are well documented in [11] and need
not be repeated here. For the case of the MUSCL scheme, we use the following numerical

FIG. 17. Computed shock at instantt = tmiddle. MUSCL scheme wihout limiter forM = 2, s= 0.1.
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FIG. 18. Computed shock at instantt = tright. MUSCL scheme wihout limiter forM = 2, s= 0.1.

flux for the left subdomain

Fn
j+1/2 = H+

(
wn

lft

)+ H−
(
wn

rgt

)
,

wherewn
lft = wn

j + 1
2ϕ(w

n
j − wn

j−1) andwn
rgt = wn

j+1− 1
2ϕ(w

n
j+1− wn

j ). HereH+ andH−

are characteristic decompositions of the fluxH according to the positive and negative

FIG. 19. Computed shock at instantt = tleft. The mesh is refined one times. Lax–Wendroff scheme for
M = 2, s= 0.1.
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FIG. 20. Computed shock at instantt = tmiddle. The mesh is refined one times. Lax–Wendroff scheme for
M = 2, s= 0.1.

eigenvalues of the Jacobian matrix, andϕ is a slope limiter. In the case without limiter,
ϕ = 1. In the case with limiter, we choose the well-known minmod limiter. The fluxGn

j+1/2

for the right subdomain can be similarly defined.
The computational domain is split as:Du = {x : 0< x < 5}, Dv = {x : 3.6< x < 10}.

There are 40 uniform meshes in each subdomain unless otherwise stated. We output the

FIG. 21. Computed shock at instantt = tright. The mesh is refined one time. Lax–Wendroff scheme for
M = 2, s= 0.1.
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FIG. 22. Computed shock at instantt = tleft. The mesh is refined two times. Lax–Wendroff scheme for
M = 2, s= 0.1.

solutions at three instants:t = tleft, tmiddle, tright, corresponding to a shock (exact) position
x = 3.3< −a, −a < x = 4.5< b, and x = 7> b. In all computations we useCFL=
0.80. Using other kinds of decomposition leads to similar results. Only the nonconservative
normal interpolation will be used at the interface. The Berger’s flux interpolation has been
rigorously shown to yield conservative results and will not be reconsidered here.

FIG. 23. Computed shock at instantt = tmiddle. The mesh is refined two times. Lax–Wendroff scheme for
M = 2, s= 0.1.
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FIG. 24. Computed shock at instantt = tright. The mesh is refined two times. Lax–Wendroff scheme for
M = 2, s= 0.1.

Let ρL = 1, pL = 1, anduL = √γM , whereM is the Mach number in the left of the
shock wave. Then the right-hand states of the shock are related to the shock speeds by

uR = √γ s+√γ (γ − 1)(M − s)2+ 2

(γ + 1)(M − s)
(37)

FIG. 25. Computed shock at instantt = tleft. Roe scheme forM = 2, s= 0.05.
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FIG. 26. Computed shock at instantt = tmiddle. Roe scheme forM = 2, s= 0.05.

ρR = (γ + 1)γ (M − s)2

(γ − 1)γ (M − s)2+ 2γ
(38)

pR = 2γ (M − s)2

γ + 1
− γ − 1

γ + 1
. (39)

The initial shock lies atx = 3.16.

FIG. 27. Computed shock at instantt = tright. Roe scheme forM = 2, s= 0.05.
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FIG. 28. Computed shock at instantt = tleft. van Leer scheme forM = 2, s= 0.05.

4.1. Transmission for Weakly Dissipative Schemes

We begin with the Lax–Wendroff scheme which is less dissipative than the Roe scheme.
The Mach number is fixed to beM = 2.

For s= 0.05, the computed density is displayed in Figs. 7–9. For these figures and for
the subsequent figures, the solution is displayed as a solid line in the left subdomain and a
dashed line in the right subdomain. We also displayed two vertical, dot-dashed lines to show

FIG. 29. Computed shock at instantt = tmiddle. van Leer scheme forM = 2, s= 0.05.
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FIG. 30. Computed shock at instantt = tright. van Leer scheme forM = 2, s= 0.05.

the two boundaries of the overlap. Att = tleft, the numerical shock is in the left of the overlap
(Fig. 7). At t = tmiddle, where the exact shock should lie atx = 4.5, the numerical shocks
inside both subdomains do not lie at the same position: Shock R sticks to the left boundary
of the overlap, and Shock L reaches the exact shock position (x = 4.5). At t = tright, the
exact shock lies atx = 7, while the numerical solution reaches a nonphysical, two-shocked
steady state. Hence for the Lax–Wendroff scheme, a very slowly moving shock fails to
transmit the grid interface and attains a nonphysical, two-shocked steady state.

FIG. 31. Computed shock at instantt = tleft. MUSCL schemes with minmod limiter forM = 2, s= 0.05.
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FIG. 32. Computed shock at instantt = tmiddle. MUSCL schemes with minmod limiter forM = 2, s= 0.05.

For s= 0.1, the computed density is displayed in Figs. 10–12. Att = tmiddle, where the
exact shock should lie atx = 4.5, we still observe that Shock L and Shock R do not lie at the
same position. But this time Shock R lags a distance with respect to Shock L and does not
stick to the interface. Att = tright, the exact shock lies atx = 7, while the numerical shock
is near 6.5. Hence for sufficiently high shock speed, the shock can transmit the interface,
but with a strong delay.

FIG. 33. Computed shock at instantt = tright. MUSCL schemes with minmod limiter forM = 2, s= 0.05.
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FIG. 34. Computed shock at instantt = tleft. van Leer scheme for a weak shock withM = 1.1, s= 0.05.

Fors= 0.2, the computed density is displayed in Figs. 13–15. Att = tmiddle, where the
exact shock should lie atx = 4.5, we observe that Shock L and Shock R lie at the same
position. Att = tright, the numerical shock reaches the position of the exact shock. Hence
for large shock speed, the shock can transmit the interface without delay.

Now consider the MUSCL scheme without limiter. The computed density fors= 0.1 is
displayed in Figs. 16–18. We have shown that for the Lax–Wendroff scheme the shock is

FIG. 35. Computed shock at instantt = tmiddle. van Leer scheme for a week shock withM = 1.1, s= 0.05.
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FIG. 36. Computed shock at instantt = tright. van Leer scheme for a week shock withM = 1.1, s= 0.05.

able to transmit the interface, though with a delay. But here for the MUSCL scheme the
shock fails to transmit by producing a two-shocked solution. Hence we need higher shock
speed for transmission for the MUSCL scheme.

4.2. Error Reduction by Mesh Refinement for Delayed Transmission

Now we want to see whether the conservation error in the case of transmission delay can
be made as small as we require by reducing the mesh size. We consider the Lax–Wendroff

FIG. 37. Computed shock at instantt = tleft. van Leer scheme for a strong shock withM = 5, s= 0.05.
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FIG. 38. Computed shock at instantt = tmiddle. van Leer scheme for a strong shock withM = 5, s= 0.05.

scheme forM = 2 ands= 0.1. In this case there is delayed transmission, as shown in
Figs. 10–12.

Now we refine the grid one time, so that there were 80 mesh points in each subdomain.
The computed density is displayed in Figs. 19–21. We still observe a delay, but the delayed
distance is reduced two times.

FIG. 39. Computed shock at instantt = tright. van Leer scheme for a strong shock withM = 5, s= 0.05.
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FIG. 40. Computed pressure at instantt = tright. Lax–Wendroff scheme forM = 2, s= 0.05.

Finally we refine the grid two times, so that there were 160 mesh points in each subdomain.
The computed density is displayed in Figs. 22–24. In comparison with Figs. 10–12, the
delayed distance is reduced four times.

Hence for delayed transmission, the error of the shock location can be reduced by refining
the mesh as much as we require.

FIG. 41. Computed velocity at instantt = tright. Lax–Wendroff scheme forM = 2, s= 0.05.
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4.3. Transmission for Strongly Dissipative Schemes

Now we consider the first-order Roe scheme, the van Leer scheme, and the MUSCL
scheme with limiter. In these cases the scheme is at least as dissipative as the Roe scheme
inside the shock. We considerM = 2 and s= 0.05, for which the weakly dissipative
schemes fail to work.

The computed density for the Roe scheme is displayed in Figs. 25–27. We observe
perfect transmission. For the van Leer scheme which is slightly more dissipative than
the Roe scheme, we still observe perfect transmission as displayed in Figs. 28–30. Using
the MUSCL scheme with limiter, the scheme reduced to first-order inside the shock, so that
we also have perfect transmission as displayed in Figs. 31–33.

Hence for schemes no less dissipative than the Roe scheme (inside the shock), no steady-
state two-shocked solution occurs, no observable transmission delay occurs.

4.4. Transmission with Various Shock Strengths

The shock strength can be defined aspR/pL , which depends on bothM ands, as can
be seen from (39). The case with variouss has already been discussed. Here we vary
the Mach number and simply use the van Leer scheme. The shock speed is fixed to be
s= 0.05.

First consider a weak shock withM = 1.1. The computed density is displayed in
Figs. 34–36. The shock transmits the interface perfectly, as for the case of a middle strength
shock (Figs. 28–30).

Now consider a more strong shock withM = 5. The computed density is displayed in
Figs. 37–39. The shock transmits the interface perfectly, independently of its strength.

Hence for strongly dissipative schemes and a fixed shock speed, the transmission does
not depend on the strength of the shock.

FIG. 42. Computed pressure at instantt = tright. van Leer scheme forM = 2, s= 0.05.
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FIG. 43. Computed velocity at instantt = tright. van Leer scheme forM = 2, s= 0.05.

4.5. Transmission for Different Parts of the Wave

There are three characteristic speeds for the system of Euler equations. We have only
displayed the density in the above numerical tests. One would wonder whether the dif-
ferent characteristic waves have different transmission behaviors. As we have claimed in
Section 2.2, no part of the wave is preferred. In order to check this claim, we display other
components of the wave. One can choose to display different components, such as the com-
ponents for the conservative variable, the characteristic variable, or the primitive variable.
Since each set of variables can be obtained from a combination of another set of variables it
is sufficient enough to display one set of variables. Here we choose to display the primitive
variables (ρ, p, u).

We useM = 2 ands= 0.05. Since the density has already been displayed, here we only
display the pressure and velocity. Besides, we only display the results att = tmiddle.

First we use the Lax–Wendroff scheme for which the shock fails to transmit. The pres-
sure and velocity are displayed in Figs. 40 and 41, respectively. Hence as for the density
(Fig. 9), the jumps for both the pressure and the velocity are caught at the interfaces.

Now we use the van Leer scheme for which the shock transmits. The pressure and velocity
are displayed in Figs. 42 and 43, respectively. Hence as for the density (Fig. 30), the jumps
for both the pressure and the velocity transmit the interfaces.

Hence if the scheme is only weakly dissipative and if the shock is very slow, all the wave
components fail to transmit the overlap. If the scheme is sufficiently dissipative, all the
components transmit the interface. This means that no part of the wave is preferred.

5. CONCLUDING REMARKS

Based on the previous scalar study and the present system study, we see that the trans-
mission of a moving shock across a grid interface, which is the direct representation of
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conservation at a finite mesh size, is controlled by one of the following three factors:
(a) shock speed of the exact problem, (b) numerical viscosity of the interior difference
equation, and (c) interpolation.

Actually, we observed that if the shock fails to transmit the interface, then a nonphysical,
two-shocked steady-state is reached after a long time integration. According to the present
study, it is sufficient that only one of these three factors dominates if we want to avoid
two-shocked solution. This can be understood through an energy point of view:

(1) if the shock speed is large, then its energy is high enough to overcome energy loss
due to nonconservative interpolation;

(2) if the interior difference equation has an enough amount of numerical viscosity, then
the perturbation caused by the nonconservative interpolation at the interface can be easily
damped out;

(3) if the interpolation is conservative, then no energy is lost at the interface.

For a specific overlapping grid treatment, the three factors exist simultaneously so that
the range for the existence of two-shocked solution is very narrow.

Since the dissipation of the interior difference equations helps transmission, a Navier–
Stokes solver would have less trouble than the corresponding Euler solver on overlapping
grids with regard to conservation.
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